The absorption of photons and fermions into four-dimensional black holes is described by equations which in certain cases can be analyzed using dyadic index techniques. The resulting absorption cross-sections for near-extremal black holes have a form at low energies suggestive of the effective string model. A coupling to the effective string is proposed for spin-0 and spin-1/2 fields of pure N = 4 supergravity which respects the unbroken supersymmetry of extreme black holes and correctly predicts dilaton, axion, and fermion cross-sections up to an overall normalization.
Introduction
Microscopic models of near-extremal black holes in terms of effective strings have recently been employed with great success to explain the Bekenstein-Hawking entropy [1, 2, 3, 4, 5] . These models have also proven their value by correctly predicting certain Hawking emission rates and absorption cross-sections at low energies [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] .
The many successful predictions have all been for scalar particles. Most in fact have been for minimally coupled scalars. Usually it is said that minimally coupled scalars are those whose equation of motion is φ = 0. This is a slight misnomer: a more precise way to say it is that when the equations of motion are linearized in small fluctuations around the black hole solution under consideration, one of them is simply δφ = 0. Fortunately, it is usually easy to see which scalars in the theory are minimally coupled: for example, when one obtains a 5-dimensional black hole by toroidally compactifying the D1-brane D5-brane bound state, the off-diagonal gravitons with both indices lying within the D5-brane but perpendicular to the D1-brane are clearly minimally coupled scalars in the 5-dimensional theory.
As a starting point in the study of particles with nonzero spin, it is easiest to consider minimally coupled photons or fermions. For photons, minimally coupled means that the relevant linearized equation of motion is
and for chiral fermions it means σ αβ µ ∇ µ δψ α = 0 .
Minimally coupled fermions in arbitrary dimensions were studied in [21] . The authors of [21] correctly point out that the fermions in supergravity theories do not in general obey minimally coupled equations of motion in the presence of charged black holes. Likewise, it is not usually the case that photons will be minimally coupled in the presence of a supergravity black hole solution. Indeed, it seems that the gauge fields which carry the charges of the black hole are never minimally coupled: there is mixing between them and the graviton. However, for the case I shall study, the equal charge black hole [22] of N = 4 supergravity [23, 24, 25, 26] , two of the four Weyl fermions are in fact minimally coupled, as are four of the six gauge fields. The same black hole provided the simplest framework in which to study fixed scalars [27] . Its metric is that of an extreme Reissner-Nordstrom black hole. In [18] it was shown that an effective string model is capable of reproducing the minimally coupled scalar cross-section of the Kerr-Newman metric, in the near-extremal limit. The effective string picture carries over naturally to the equal charge extreme black hole in N = 4 supergravity and its near-extremal generalization. The recent work [20] presents evidence that the effective string can model a much broader class of black holes which have arbitrary U (1) charges and are far from extremality. The essential features of the effective string, however, seem much the same in all its four-dimensional applications. I will show that minimally coupled fermions can be incorporated naturally into the effective string picture through a coupling to the supercurrent. Minimally coupled photons fit in in a somewhat unexpected way: the coupling of the gauge field to the string seems to occur via the field strength rather than the gauge potential.
The organization of the paper is as follows. In section 2, the black hole solutions are exhibited and the minimally coupled photons are identified. In section 3, separable equations are derived for these photons. In section 4, these equations are solved to yield absorption cross-sections. The parallel analysis of minimally coupled fermions is postponed to section 5, in which also the axion cross-section is computed. The axion turns out to have the same cross-section as the dilaton, not because it is a fixed scalar in the usual sense of attractors [28, 29] , but because of a dynamical version of the Witten effect. Section 6 discusses the effective string interpretation of these cross-sections. Although the overall normalizations of the cross-sections are not computed, it is shown that the effective string correctly reproduces the relative normalization of the dilaton, axion, and minimal fermion cross-sections. Some concluding remarks are made in section 7. Appendix A presents some results of the dyadic index formalism needed for the rest of the paper.
Minimally coupled photons in N = 4 supergravity
The fields of the SU (4) version of N = 4, d = 4 supergravity [26] are the graviton e a µ , four Majorana gravitinos ψ i µ , three vector fields A n µ , three axial vectors B n µ , four Majorana fermions χ i , the dilaton φ, and the axion B. The doubly extreme black hole of [22] is electrically charged under A µ 3 , magnetically charged under B µ 3 , and neutral with respect to the other four gauge fields. These four extra gauge fields are minimally coupled photons, as we shall see shortly.
The full bosonic lagrangian of N = 4 supergravity in the SU (4) picture is
where F n = dA n and G n = dB n . The conventions used here are those of [22] . In particular, Hodge duals are defined by * F µν = √ −g
where ǫ 0123 = ǫ trθφ = −i. The equations of motion following from (3) are
Including the fermions introduces extra terms into these equations involving fermion bilinears. These terms affect neither the black hole solution nor the linearized bosonic equations around that solution since the fermions' background values are zero. Duals of the field strengths F n and G n are defined bỹ
F n andG n are closed forms by the equations of motion (5) . In the SO(4) version of N = 4 supergravity, one writesG n = dB n . The equal charge, axion free, extreme black hole solution is
The electric charge Q, the magnetic charge P , and the mass M are related by Q = P = M/ √ 2. By definition, vol S 2 = sin θ dθ ∧ dφ. Gauss' law for the electric and magnetic charges reads
Keeping the charges Q and P fixed but increasing the mass, one obtains the non-extremal generalization of (7):
The mass, charges, area, and temperature of this black hole are given by
Taking α → ∞ with Q and P held fixed, one recovers the extremal solution (7) . A crucial property of (7) and (9), without which there will be no minimally coupled photons, is the vanishing of the dilaton. This happens only when Q = P . The situation is similar to the case of fixed scalars, where the Q = P case [27] was much easier to deal with than the Q = P case [30] .
When the equations (5) are linearized around the solution (9), the variations δF µν 3 and δG µν 3 appear in all the equations of motion because the background values of F 3 and G 3 are nonzero. But because F 1 , F 2 , G 1 , and G 2 do have vanishing background values (as does the axion B) the variations of these gauge fields appear in the linearized equations only as
where F = δF 1 , δF 2 , δG 1 , or δG 2 . Including e −2φ in (12) was unnecessary since it is identically 1 when the charges are equal; but (12) is still the right linearized equation of motion for these fields when the charges are unequal (provided the background value of the axion remains zero). Surprisingly enough, a non-constant dilaton background makes it much more difficult to decouple the equations for different components of the gauge field.
Separable equations for gauge fields
Having shown that minimally coupled gauge fields do indeed exist, let us now show how to solve their equations of motion. The dilaton background will be kept arbitrary just long enough to observe why it makes the job much harder. The goal of this section is to convert Maxwell's equations
into decoupled separable differential equations. The equation of motion for the vector potential A, d * e −2φ dA = 0 ,
does not lend itself to this task. It turns out to be easier to dispense with A altogether and analyze Maxwell's equations, (13) , directly. Even this is quite challenging if one sticks to the traditional tools of tensor analysis. Fortunately, several authors [31, 32, 33] in the 60's and 70's worked out an elegant approach to this sort of problem using Penrose's dyadic index formalism [34] . Appendix A provides a summary of some of the standard notation. The field strength F µν (six real quantities) is replaced by a symmetric matrix Φ ∆Γ (three complex quantities) using the equation
Now define φ 1 , φ 0 , and φ −1 as follows:
where ℓ µ , n µ , m µ , andm µ form the complex null tetrad (see the appendix). In the literature, it is more common to write φ 0 , φ 1 , and φ 2 instead of φ 1 , φ 0 , and φ −1 . The present convention has the advantage that the subscript is essentially the helicity. The Bianchi identity dF = 0 can be rewritten as D Γ∆ Φ ∆ Γ = D ∆ΓΦ∆Γ . Using this identity one can rewrite the equation of motion d * e −2φ F = 0 as
One immediately sees that the equations simplify greatly if the coupling e −2φ = 1. If this is not the case, then because the right hand side involvesΦ∆Γ as well as Φ ∆Γ , the advantage of compressing the real field strength components into complex components of Φ ∆Γ is lost. In this case, I have been unable to decouple the equations. It is striking that the condition for Maxwell's equations to be simple is the same as the condition found in [27, 11] for the fixed scalar equation to decouple from Einstein's equations. Let us proceed with the case where e −2φ = 1, so that Maxwell's equations can be succinctly written as D ∆∆ Φ ∆Γ = 0. The spin coefficients for the general spherically symmetric metric,
are presented in (A.18). Six of them vanish, and the remaining six can be expressed in terms of γ, ρ, and α, which are real. Maxwell's equations written out in components therefore take on a particularly simple form:
The form of Maxwell's equations in a more general metric can be found in [34] .
A straightforward generalization of the preceding treatment can be given for fields of arbitrary nonzero spin. The simplest Lorentz covariant wave equation for a massless field of spin n/2 is 
to project out the spin-1/2 components. This constraint is equivalent to making ψ ∆Γ∆ symmetric in its two undotted indices. In the supergravity literature, the equation of motion is usually written as ǫ µνρσ γ 5 γ ν Ψ ρσ = 0 where Ψ ρσ = ∂ ρ ψ σ − ∂ σ ψ ρ . The original paper by Rarita and Schwinger [36] (see also p. 323 of [37] ) proposes / ∂ψ µ = 0 as the equation of motion. Using the constraint one can show that both are equivalent to ∂∆ ∆ ψ ∆ΓΣ = 0. As a result, the field strength
is symmetric in all its indices and obeys the n = 3 case of (20) .
Although the cases n = 3 and n = 4 of (20) are not in general the correct curvedspace equations of motion for the gravitino and graviton, and although for n > 2 there are problems defining local, gauge-invariant number currents and stress-energy tensors, still a brief investigation of (20) serves to illustrate some of the general features one expects for fields of higher spin. Furthermore, the near-Minkowskian limit of the equations I will derive should be close in form to the actual graviton and gravitino equations far from a black hole.
Define helicity components ψ s according to
Then (20) can be written out in components. There are 2n equations:
The equations (24) are invariant under PT, which sends
are easily established by direct computation. They can be used to convert the pair of equations in (24) relating ψ s and ψ s−1 into decoupled second order equations for ψ s and ψ s−1 separately. In this way one obtains
The first of these can be derived for s > −n/2, while the second can be derived for s < n/2. In fact they are different forms of the same equation, which can be written out more simply in terms of the fieldsψ
as
More explicitly,
for all values of s, positive and negative. It is interesting to note that there is no explicit dependence on the spin n/2 of the particle in (29) , only on its helicity s. In practice we will mainly be interested in the equations forψ ± n 2 since these are the only components that can be radiative. The fact that the equations for these radiative fields are identical to equations obeyed by non-radiative components of fields of higher spin suggests that mixing of different spins is possible. Such mixing between photons and gravitons was observed by Chandrasekhar in his analysis of perturbations of the Reissner-Nordstrom black hole [38] .
Equations similar to (29) were worked out for the Kerr metric by Teukolsky [31, 32] . In that case, only the equations for the radiative fields turned out to be separable. But in the present context, spherical symmetry makes the separability of (29) trivial: the general solution isψ
where Y sℓm is a spin-weighted spherical harmonic [39] and R sℓ (r) satisfies the ODE
The minimal value of ℓ is |s|. In the case of photons, ℓ ≥ 1 indicates that the fields of lowest moment that can be radiated are dipole fields. For fermions, ℓ, s, and m are all half-integer.
Semi-classical absorption probabilities
Returning now to the case of photons, let us investigate how an absorption crosssection can be extracted from a solution to (31) . Section 4.1 derives a formula for the absorption probability. In section 4.2 matching solutions are exhibited and absorption probabilities calculated for the black holes (7) and (9).
Probabilities from energy fluxes
For the photon as for other fields of spin greater than 1/2, there is no gauge invariant number current analogous to J µ = 1 2iφ ↔ ∂ µ φ for spin 0 and J µ =ψγ µ ψ for spin 1/2. In order to count the photons falling into the black hole, it is therefore necessary to examine the energy flux through the horizon and adjust for the gravitational blueshift that the infalling photons experience. The stress-energy tensor can be written in terms of φ 1 , φ 0 , and φ −1 :
Consider a sphere S 2 located anywhere outside the horizon. Taking into account the blueshift factor as described, the number of photons passing through S 2 in a time interval
where vol S 2 = sin θdθ ∧ dφ, and
is essentially the radial photon number flux.
The goal now is to find an approximate solution to (29) for photons whose wavelength is much longer than the size of the black hole, and to extract from it an absorption probability and cross-section. The dominant contribution to this absorption comes from dipole fields.
Far from the black hole, (31) for dipole fields simplifies to
where ρ = ωr. The general solution to (35) with s = 1 is
The general solution with s = −1 is just the conjugate of (36). By using (19) φ 0 can be calculated as well. Let us choose the spatial orientation by setting m = 0 in (30) . Then the final result isφ
It is clear from (37) that φ −1 is the radiative component of the field for outgoing waves, while φ 1 is the radiative component for ingoing waves.
The boundary conditions at the horizon [32] require the radial group velocity to point inward. It can be shown thatφ 1 remains finite at the horizon whileφ −1 vanishes. Normalizations are fixed by requiring |φ 1 | 2 → sin 2 θ at the horizon. The net flux of photons into the black hole can be computed in two ways: at the horizon: F h = −|φ 1 | 2 = − sin 2 θ at infinity:
The two must agree, F h = F ∞ , and so |a| 2 = |b| 2 + 1/4. One can thus easily perceive the equivalence of the two common methods for computing the absorption probability. The first examines the deficit in the outgoing flux compared to the ingoing flux:
while the second simply compares the flux on the horizon to the ingoing flux at infinity:
For low-energy photons, the absorption probability is small and a and b are large and nearly equal, so from a calculational point of view the second method is to be preferred over the first. Indeed, it will be standard practice in the matching calculations of later sections to ignore the small difference between a and b and simply set them equal. This approximation suffices when (40) is used. Finally, to obtain the absorption cross-section from the probability, the Optical Theorem is needed. Averaging over polarizations is unnecessary in view of the spherical symmetry of the background. The result for photons in a dipole wave is
Matching solutions
The work of previous sections can be boiled down to a simple prescription for computing the absorption probability and cross-section to leading order in the energy for minimally coupled photons falling into a spherically symmetric black hole. The probability can be obtained by solving (31) with ℓ = 1 and s = 1, subject to the boundary condition R(r) ∼ e if (r) as r approaches the horizon, f (r) being some real decreasing function of r. Far from the black hole, one will find R(r) ∼ 2ae −iωr , and the probability is then given by
First consider the extreme black hole (7) . The radial equation (31) with ℓ = s = 1 is
A different radial variable, y = ωM 2 /r, is more natural near the horizon. In terms of y, (43) can be rewritten as
A matching solution can be pieced together as usual from a near region (I), an intermediate region (II), and a far region (III). In the near region, (44) is simplified by setting to zero all terms containing explicit factors of ωM . The intermediate region solution is obtained from (43) with ω = 0. In the far region, we simply make the flat space approximation, obtaining (35) and (36) . The solutions in the three regions are
A match is obtained by setting
The absorption probability and cross-section are
Now consider the non-extremal generalization, (9) . The radial equation (31) with ℓ = 1 and s = 1 is
As before, the far region is treated in the flat space approximation, and a solution in the intermediate region is obtained by solving (48) with ω = 0. In the near region, the useful radial variable is h itself. Having the black hole near extremality is useful since one can approximate f ≈ (1 − h) cosh 2 α and drop terms in (48) which are small in the limit where α → ∞ and ωr 0 → 0 with λ = ωr 0 cosh 4 α = ω 4πT
(49) held fixed. The result is that (48) simplifies to
which is representative of the general form of differential equation which is solved by a hypergeometric function of h times powers of h and 1 − h.
The solutions in the three regions are
and a match is obtained by setting
The axion and minimally coupled fermions
Because the solution (7) preserves a quarter of the supersymmetry, it is clearly of interest to compare cross-sections of particles with different spins related by the unbroken supersymmetry. The other particles in N = 4 supergravity whose cross-sections are straightforward to compute are the dilaton, the axion, and those fermions which obey the Weyl equation. The dilaton has been dealt with at length in the fixed scalar literature [27, 40, 30] . The axion in fact is also a fixed scalar, as section 5.1 will show. Of the four massless fermions, two are minimally coupled. The purpose of section 5.2 is to demonstrate this fact and to compute the minimal fermion cross-section. For comparison with (53) I will quote here the final results: axion, dilaton: P = (ωr 0 ) 2 (1 + 4λ 2 ) σ abs = πr 2 0 (1 + 4λ 2 ) minimal fermions: P = (ωr 0 ) 2 4 (1 + 16λ 2 ) σ abs = πr 2
where λ = ω/(4πT ), as in (53).
The axion
The strategy for deriving the linearized equation of motion for the axion is the same as the one used in [27] for the dilaton: only spherical perturbations of the solution (9) are considered, and a gauge is chosen where the only components of the metric that fluctuate are g rr and g tt . The minimally coupled gauge fields F 1 , F 2 , G 1 , and G 2 do not affect the linearized axion equation because they have no background value and enter into the axion equation quadratically. Spherical symmetry dictates that only tr and θφ components of these field strengths can fluctuate, corresponding respectively to radial electric and radial magnetic field fluctuations. These fluctuations are constrained further by Gauss' law (8):
The asymmetry between F 3 and G 3 arises because the black hole is electrically charged under F 3 and magnetically charged under G 3 . The axion B is a dynamical theta-angle for the gauge fields, so the last relation in (55) should be viewed as a dynamical version of the Witten effect: when the axion fluctuates, an object that was magnetically charged picks up what seems like an electric charge in that there are radial electric fields. Using (55) and ignoring the dilaton terms in the axion equation of (5) (which is valid for the purpose of deriving the linearized axion equation because the dilaton has zero background value), one obtains
This is indeed identical to the linearized equation for the dilaton, although the "mass" term for the dilaton receives equal contributions 2Q 2 + 2P 2 from the electric and magnetic charges in place of the 4P 2 we see in (56). The radial equation for B and φ is
By an analysis sufficiently analogous to the treatments in [27, 40] that it seems superfluous to present the details, one obtains the result already quoted in (54):
Minimally coupled fermions
It was shown in [26] that the complete fermionic equations of motion for simple N = 4, d = 4 supergravity take on a simple form when written in terms of the supercovariant derivatives introduced in [25] . The relevant one of these equations for spin-1/2 fermions is
whereD µ denotes a supercovariant derivative. 1 Supercovariant derivatives in general can be read off from the supersymmetry variations of a field:
Thus the supercovariant derivative of the axion isD µ B = ∂ µ B + (two fermion terms). Again, terms in the equations of motion which are quadratic in fields with zero background value do not contribute to the linearized first-varied equations of motion. Because the background values of the axion as well as all fermions are zero for the solution (9), the second term in (59) can be discarded.
A further simplification of (59) can be made by dropping terms from/ DΛ I which are quadratic in fields with zero background value. The supersymmetry variation of Λ I is
plus terms which vanish for the solution (9) . Sô
plus terms quadratic in fields with zero background value. In (60) and (61), I have introduced σ ρσ = 1 4 [γ ρ , γ σ ] and the matrices
(62) 1 The spinor and gamma matrix conventions conventions used here are those described in Appendix A of [22] . Λ I is a chiral spinor with γ 5 Λ I = Λ I which replaces the Majorana spinor χ i of [26] . The gravitinos are also written in terms of chiral spinors Ψ I µ with γ 5 Ψ I µ = Ψ I µ . I runs from 1 to 4. Conversion to these conventions from those of [26] is discussed in [22] . I would only add that in the current conventions, each field is identified with K times its counterpart in [26] , and for notational simplicity K is then set equal to 1/2. With this choice of the gravitational constant, φ and Λ I are not canonically normalized; rather, they are twice the canonically normalized fields.
So for example the kinetic term of φ in (3) is 2(∂ µ φ) 2 rather than the canonical 1 2 (∂ µ φ) 2 .
The matrices α n IJ and β n IJ were introduced in [41] and used in [26] to establish the SU (4) invariance of N = 4 supergravity.
Since F 3 ρσ =G 3 ρσ , the first variation of the equation of motion (59) is
For I = 3 and 4, the gravitino part gets killed and (59) is nothing but the Weyl equation (2) . For I = 1 and 2, the gravitino mixes in. 2 The key point in this analysis is that the supersymmetry transformation (60) leaves two of the Λ I invariant no matter what ǫ J is chosen to be. In view of the form of (59) and the prescription for reading off supercovariant derivatives from the supersymmetry transformation laws, this makes it inevitable that two of the Λ I are minimally coupled fermions. The situation is related to unbroken supersymmetries, but only loosely: the non-extremal black hole has the same minimally coupled fermions that the extremal one does, and the extremal black hole preserves only one supersymmetry but admits two minimally coupled fermions. The condition for an unbroken supersymmetry is that the supersymmetry variations of all the fermions fields must vanish. So one would expect that there are at least as many minimally coupled fermions as unbroken supersymmetries. More precisely, suppose that there are n broken supersymmetries and m fermions in the theory whose equation of motion is of the form i/ DΛ = 0, up to terms quadratic in fields with zero background value. Then there must be at least m − n minimally coupled fermions. For axion-free solutions to pure N = 4 supergravity, m = 4.
The existence of minimally coupled fermions having been established, the computation of their absorption cross-section now proceeds in parallel to the case of minimally coupled photons. If R(r) is a solution of the radial equation (31) with ℓ = s = 1/2, then the absorption probability is once again
The justification for (64) is a little different than for its analog (42) for photons because for fermions there is a conserved number current, Here Ψ ∆ is the dyadic version of δΛ 3 or δΛ 4 . The number of fermions passing through a sphere in a time t is N =
The component ψ 1/2 , like φ 1 in the case of photons, is both the radiative component at infinity for infalling solutions and the nonzero component at the black hole horizon. The formula (64) thus follows from (67) by the same analysis that gave (42) from (34) . The radial equation (31) with ℓ = s = 1/2 is
A matching solution can be obtained in the usual fashion:
with
where as before λ = ω/(4πT ). The absorption probability and cross-section are
The λ → 0 limit of (71) agrees with the general result of [21] .
The effective string model
The usual approach to effective string calculations (see for example [6, 11, 9, 16] ) has been to derive couplings between bulk fields and local conformal operators on the string, at linear order in the bulk fields, by expanding the DBI action to some order, and then to consider tree level processes where a bulk particle is converted into some number of excitations on the effective string. For a scalar field φ, a typical coupling would be
The integration is over the effective string world-volume, and x is set to zero because this is the location of the effective string in transverse space. Consider the absorption of a quanta of φ with energy ω, momentum p along the effective string, and transverse momentum p. I shall continue to use +−−−− signature, so for example p · x = ωt − px − p · x. The absorption cross-section can be calculated by setting φ(t, x, x = 0) = e −ip·x and then treating (72) as a time-dependent perturbation to the CFT which describes the effective string in the absence of couplings to bulk fields. Stimulated emission would be calculated by choosing e ip·x rather than e −ip·x . The t and x dependence of O(x, t) is fixed by the free theory:
wherep · x = Ht − P x, H and P being the Hamiltonian and momentum operators of the CFT. If one considers the perturbation (72) to act for a time t, then Fermi's Golden Rule gives the thermally averaged transition probability as
This formula is valid for when the length L of the effective string is much larger than the Compton wavelength of the incoming scalar. In (74), β has two components, β + = β L and β − = β R . The partition function splits into left and right sectors:
For simplicity we take the momentum p = (ω, 0, p) of the incoming particle perpendicular to the brane, but clearly (74) remains valid for the case of particles with Kaluza-Klein charge.
The summation over final states can become tedious when the scalar turns into more than two excitations on the effective string. Already in the case of fixed scalars [11] , which split into two right-movers and two left-movers, the evaluation of this summation was a nontrivial exercise. It therefore seems worthwhile to develop further a method employed in [18] in which the absorption probability is read off from the two point function of the operator O in the effective string CFT.
Allow t to take on complex values, defining O(t, x) by (73) for arbitrary complex t. According to usual notational conventions [42] , O † (t, x) is no longer the adjoint of O(t, x) except when t is real; instead, O † (t, x) is evolved from O † (0, 0) using (73). The conventional thermal Green's function takes t = −iτ where τ is the Euclidean time:
where ρ = e −β·p /Z. One can continue to arbitrary complex t, defining T τ to time-order with respect to −ℑ(t). The convenience of doing this is that the integral
reproduces the right-hand side of (74). The proof of (77) proceeds by inserting i |i i| and f |f f | into (76) before O † and O respectively. Now let us turn to the evaluation of G(t, x). Assume that O(t, x) has the form 
At nonzero temperature, the absorption cross-section cannot be calculated straight from (74): for bosons, the stimulated emission probability must be subtracted off in order to obtain a result consistent with detailed balance, as described in [11] . The net result is to set σ abs F t = P(1 − e −β·p ) where F is the flux and P is read off from (74). For fermions, the presence of an incoming wave inhibits by the Exclusion Principle emission processes leading to another fermion in the same state as the incoming wave. The absorption crosssection must therefore be calculated using σ abs F t = P(1 + e −β·p ). Again, this result is in accord with detailed balance.
The considerations of the previous paragraph can be restated compactly in terms of the Green's function:
(81)
One way to perform the integral in the first line is first to separate into x + and x − factors and then to deform the contours in the separate factors by setting ǫ = β L /2 or β R /2. Assuming that bosons and fermions couple, respectively, to conformal fields with h L + h R an integer or half an odd integer, one indeed obtains the factor 1 ∓ e −β·p required by detailed balance.
The formula (81) represents almost the most general functional form for an absorption cross-section that the effective string model is capable of predicting. One possible generalization is for the bulk field to couple to a sum of different operators O(t, x), in which case a sum of terms like (81) would be expected. Another generalization can arise from a coupling of a bulk field φ to the effective string not through its value φ(t, x, x = 0) on the string, as shown in (72), but rather through its derivatives: for instance ∂ i φ(t, x, x = 0) where i labels a transverse dimension. In case of fields without Kaluza-Klein charge, the effect of n such derivatives is simply to introduce an extra factor ω 2n on the right hand side of (81). Since the flux is F = ω for a canonically normalized scalar, the ω dependence of the cross-section is
(82)
As we shall see in a specific example below, the flux factor for massless fermions cancels out a similar factor in C O . So for a fermionic field which couples to the effective string through a term in the lagrangian of the form ∂ n ψO, the energy dependence of the cross-section is
The remarkable fact is that numerous classical absorption calculations that have appeared in the literature [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] all give results consistent with (81) or (82) in the near-extremal limit. As an example, consider massless minimally coupled scalars falling into the four-dimensional black hole considered in [10] , whose effective string model is derived from the picture of three intersecting sets of M5-branes. The absorption cross-section for the ℓ th partial wave is
consistent with a coupling to the effective string of the form (∂ ℓ φ)O where O has dimensions h L = h R = ℓ+1. Another interesting example is the fixed scalar [11, 40] . The cross-section for the s-wave in the four-dimensional case [40] , with three charges equal and much greater than the fourth (R = r 1 = r 2 = r 3 ≫ r K ∼ r 0 ) is
consistent with a coupling of the form φT ++ T −− . It is not hard to convince oneself that the analysis of the two-point function works the same when O(x, t) = T ++ (x + )T −− (x − ) as it did when O(x, t) was the product of left and right moving primary fields. One naturally expects that an equal charge black hole whose metric is extreme Reissner-Nordstrom, like the N = 4 example I focused on in sections 2, 4.4.2, and 5, can be obtained in the effective string picture by taking T L ≫ T R , ω. Indeed, it was found in [18] that ordinary scalar cross-sections in this metric, and even in the Kerr-Newman metric, have precisely the form one would expect from an effective string with T L ≫ T R , ω. The cross-sections have no dependence on T L in this limit, and the authors of [18] suggested a model which made no reference to the left-moving sector. Note however that left-movers seem the natural explanation for the finite entropy of extremal black holes-a subject not addressed in [18] . In [43] it was argued in the context of N = 8 compactifications that the CFT on the effective string is a (0, 4) theory with central charges c L = c R = 6. The (local) SU (2) R-symmetry of the right-moving sector was identified with the group SO(3) of spatial rotations of the black hole. The same identification of a local SU (2) on the effective string with SO(3) was used in [18] . I will assume that an effective string description with 4 supersymmetries and c = 6 in the right-moving sector also applies to the equal charge black hole of N = 4 supergravity.
Without committing to specific assumptions about the nature or existence of leftmovers, one can conclude that the general form for an effective string absorption crosssection of massless particles is bosons:
where r runs over integers in the case of bosons and integers plus 1/2 in the case of fermions, and
The cross-section (53) for minimally coupled photons fits the form (86) with h R = 2 and n = 1. The form of the coupling of the minimal photon to the effective string is further constrained by rotation invariance. If we represent the right-moving sector using 4 free chiral bosons (which are neutral under SU (2)) and an SU (2) doublet of fermions, then simplest coupling to the minimal photon with the right group theoretic properties is
where F + is a left-moving field which, as noted previously, does not affect the form of the absorption cross-section. Recall that φ αβ is a field strength: one derivative is hidden inside it, so indeed n = 1. The indices on Ψ α − are for the group SO(3) of spatial rotations, while the indices on φ αβ are for the SU (2) L half of the Lorentz group SO(3, 1). But they can be contracted as shown in a static gauge description since the generators of SO(3) are just sums of the generators of SU (2) L and SU (2) R . With the current spinor index conventions, an upper dotted index is equivalent to a lower undotted index if only spatial SO(3) rotations are considered.
The dilaton and axion cross-sections (54) fit the form (86) with h R = 2, and so does the minimal fermion cross-section with h R = 3/2. The natural guess is a coupling of these fields to the stress-energy tensor and the supercurrents: to linear order in all the fields,
The form of (89) is dictated by the quarter of the N = 4 supersymmetry which is preserved by the extreme black hole. The terms in the supersymmetry variation of L int with no derivatives can shown to cancel using
Here ǫ α parameterizes what was referred to in [22] as the ǫ 34 + supersymmetry. Note that in the conventions outlined in the appendix, both √ 2σ 0αβ and √ 2σ 0 αβ are numerically the identity matrix. The left-moving sector of the CFT is assumed to be neutral under supersymmetry.
The equivalence (in static gauge) of upper undotted and lower dotted indices has been used to simplify (89). The matrices √ 2σ 0αβ and √ 2σ 0 αβ can be used to convert between them. The index on T † F − has been raised in (89) using ǫ αβ . A consequence of the second line in (90) is thus δT †α F − = −ǭαT −− . The normalization of T α F − used here differs from [44] by a factor of √ 2: if G α n and L n are the supercurrent and Virasoro generators of [44] , then the present conventions are to set T α F − (z) = 1 √ 2 n z −n−3/2 G α n and T (z) = n z −n−2 L n . On the complex plane, the nonzero two point functions are
I will also assume that the only nonzero two point function of F + and F † + is
Now we are ready to compute effective string cross-sections. For the dilaton, the operator O(t, x) entering into the analysis of (72)-
Because of the non-canonical normalization of the dilaton field in the action (3), the particle flux in a wave φ = e −ip·x is F = 4ω, four times the usual value. Plugging these numbers into (81) and taking the large T L limit, one obtains
The axion of course yields the same result. The minimal fermions clearly have the same cross-section, so let us consider only Λ 3 . Let the incoming wave be Λ 3α = u α e −ip·x . With O(t, x) = u α T α F − (x − )F + (x + ), the analysis leading to (81) goes through as usual, yielding
In the second equality the equivalence of lower undotted and upper dotted indices has again been used. Recall that √ 2σ 0αβ is indeed the identity matrix. The flux is F = 4ūα √ 2σ 0αβ u β . (As for the dilaton, the 4 here is due to the non-canonical normalization of the fermion field: see the footnote at the beginning of section 5.5.2.) Now (81) can be used again to give
The effective string cross-sections (93) and (95) stand in the same ratio as the semi-classical cross-sections for fixed scalars and minimal fermions quoted in (54).
Conclusion
One of the main technical results of this paper has been to show that when the equations of motion for photons or fermions are simple enough to be analyzed by the dyadic index methods of [31, 32, 33] , they lead to ordinary differential equations whose near-horizon form is hypergeometric. That fact alone gives their low-energy absorption cross-sections a form which is capable of explanation in the effective string description.
Dyadic index methods are not essential to the analysis of minimally coupled fermions; indeed, the Weyl equation for fermions has been analyzed recently in [21] in arbitrary dimensions using more conventional techniques. However, the dyadic index method provides a unified treatment of minimal fermions and minimal photons. And the photon radial equations (43) and (48) seem difficult to derive by any other means. The existence of minimally coupled photons seems to depend essentially on the equal charge condition, which makes the dilaton background constant. Minimally coupled fermions, as I suggested in section 5.5.2, may be more common because their existence depends on the vanishing of their supersymmetry variations in the black hole background.
The greybody factors computed in (53) and (54) are polynomials in the energy ω rather than quotients of gamma functions as found in [17] . This is characteristic of an effective string whose left-moving temperature T L is much greater than T R and ω. These polynomial greybody factors are sufficient to determine the conformal dimension of the right-moving factor in the operator through which a field couples to the effective string, and the number of derivatives in that coupling. For example, the minimal photon couples through its field strength times a h R = 2 operator. But (53) and (54) do not yield any information regarding the left-movers. To see the effects of left-movers, one might try to generalize the present treatment to black holes far from extremality, as was done recently in [20] for minimally coupled scalars.
The absence of a string soliton description of the equal charge black hole in pure d = 4, N = 4 supergravity precludes a precise comparison of cross-sections between the effective string and semi-classical descriptions. However, by assuming that the effective string worldsheet theory is a (0, 4) super-conformal field theory whose right-moving R-symmetry group, SU (2), is identified with the group of spatial rotations, it has been possible to show that the relative normalizations of the dilaton, axion, and minimally coupled fermion crosssections are correctly predicted by the effective string. The proposed couplings of these fields to the effective string are simple: the scalars couple to the stress-energy tensor while the fermions couple to the supercurrent. One would expect that it possible to extend this picture to a manifestly supersymmetric specification of how all the massless bulk fields couple to the effective string at linear order.
There is a simple point which nevertheless is worth emphasizing: the cross-sections of the dilaton, axion, and minimal fermions are related by supersymmetry despite their different energy dependence. The energy dependence (also known as the greybody factor) arises from finite-temperature kinematics. Unsurprisingly, the kinematic factors are different for particles of different spin; but their form turns out to be fixed by the conformal dimension of the field by which a field couples to the effective string. Supersymmetry acts on the S-matrix, relating the coefficients I have called C O in section 6. The predictions of supersymmetry regarding the absorption cross-sections of different particles in the same multiplet thus have more to do with the relative normalization than the energy dependence.
One of the conveniences of working with spinors is that a spinor is a sort of square root of a null vector: for any spinor ψ α , v µ = e µ a σ a αα ψ αψα is a null vector, and any null vector can be written in this form. It is important to note that in the context of the Newman-Penrose formalism, spinor components are ordinary commuting numbers, not Grassmann numbers. It is possible to introduce a basis (o α , ι α ) for spinor space with the properties o α ι α = 1 ℓ αα = o αōα n αα = ι αῑα m αα = o αῑαmαα = ι αōα .
(A.7)
A particular choice of (o α , ι α ) is
Dyadic indices are introduced by defining ξ α 0 = o α , ξ α 1 = ι α and writing ψ Γ for the components of the spinor ψ α with respect to the basis ξ α Γ :
The minus sign in the second equation is the result of insisting on the same raising and lowering conventions for dyadic indices as for spinor indices: ξ Γ α = ǫ Γ∆ ξ β ∆ ǫ βα . It is a familiar story [46] A brief way of characterizing the covariant derivative is to say that under ∇ µ , the quantities g µν , η ab , ǫ αβ , e a µ , and σ a αα (together with their alternative incarnations η ab , ǫαβ, etc.) are covariantly constant. Under D µ , the quantities ξ α Γ are covariantly constant as well. From (A.12) it is immediate that 5 γ mΣΓ = −ξ Γα ∇ µ ξ α Σ .
(A.13)
The quantities γ ∆∆ΓΣ = σ µ ∆∆ γ mΓΣ are the spin coefficients. They have the symmetry γ ∆∆ΓΣ = γ ∆∆ΣΓ . With twelve independent complex components they represent the same information as the forty real components of the Christoffel connection Γ µ νρ . It is useful to note that σ µ ∆∆ = e µ a ξ α ∆ξα ∆ σ a αα = ℓ µ m μ m µ n µ .
(A.14)
A useful formula for calculating the spin coefficients can be given in terms of σ µ ∆∆ : where primes denote derivatives with respect to r. (A.18) represents a remarkably economical way of describing the connection of an arbitrary spherically symmetric spacetime: there are only three independent nonzero spin coefficients, and they are real. 5 Note that I choose the sign for γ ∆∆ΓΣ according to the convention of [31] and [34] rather than of [45] .
